In a recent paper [Phys. Rev. B80, 174403 (2009)] Kotov et al. studied the paramagneticto-antiferromagnetic transition in the J-Q model. Their findings were claimed to be in "fairly good agreement" with previous quantum Monte-Carlo (QMC) results. In this Comment we show that the above claim is misleading and in reality their phase transition point is not only far from the corresponding QMC value but also lies in a region of parameter space not yet explored in the literature. We also show that their reference dimer state is unstable against formation of a plaquette condensate, which could in part explain the large fluctuations they found.
In a recent paper [Phys. Rev. B80, 174403 (2009)] Kotov et al. studied the paramagneticto-antiferromagnetic transition in the J-Q model. Their findings were claimed to be in "fairly good agreement" with previous quantum Monte-Carlo (QMC) results. In this Comment we show that the above claim is misleading and in reality their phase transition point is not only far from the corresponding QMC value but also lies in a region of parameter space not yet explored in the literature. We also show that their reference dimer state is unstable against formation of a plaquette condensate, which could in part explain the large fluctuations they found. The J-Q model, proposed by Sandvik 1 , is defined by the Hamiltonian:
where i, j . . . denote sites in a 2D square lattice, N is the number of spins, and S i are spin-1/2 operators. The fourspin interaction Q and next-nearest neighbor exchange J were originally assumed to be positive 1 . For reasons that will become clear later, we will also consider the sector with J < 0 (but keeping Q > 0). The model of Eq. (1) with J > 0 exhibits a quantum phase transition (QPT) between the antiferromagnetic (AF) and paramagnetic singlet phases. However, the location and nature of this transition as well as the structure of the singlet phase are still debated. In particular, in Ref. 1 it was concluded, using QMC simulations, that the QPT is 2 nd order, occurs at Q c /J ≈ 25 and is consistent with the deconfined quantum criticality scenario 2 . In a later work 3 by the present authors, using a hierarchical mean-field (HMF) approach, the location of this QPT was found at Q c /J ≈ 2 − 3, and the transition itself most likely describable within the Ginzburg-Landau paradigm. The controversy arising from this difference in values of Q c /J was recently addressed 4 by Kotov et al.. By considering effects of fluctuations around their trial (paramagnetic) columnar dimer state (CDS), they came to the conclusion that a mean-field theory is incapable of correctly describing the QPT in the J-Q model. The nature and numerical value of the phase transition point, found in their paper, was claimed to agree with the work of Sandvik 1 . This circumstance was also used to speculate that the small, compared to QMC, value of Q c /J resulting from the analysis of Ref. 3 , is due to limitations of the HMF approach. We would like to stress that the HMF method is not a standard mean-field approach, as the one used in Ref. 4 , and it becomes an exact method in the thermodynamic limit. Moreover, for a finite system HMF can be implemented as a variational theory in terms of the energy, and finite-size scaling needs to be performed to extrapolate to the thermodynamic limit.
In the present note we show that the claims of Ref. Up to an irrelevant constant, the Hamiltonian (1) can be rewritten 4 in the form:
with J K , K > 0. The new coupling constant K/J K is related to the old one Q/J by the formula:
Clearly, for positive Q and J the parameter range that can be explored with the Hamiltonian (2) is 0 K/J K 2. The values of K/J K , larger than 2 correspond to the region Q/J < 0, which implies either (i) Q < 0, J > 0, or (ii) Q > 0, J < 0. We will assume, as Ref. Fig. 2 . The QPT separating FM and singlet phases is 1 st order: it manifests itself as a level crossing both in ED and HMF. In Table I we present numerical values for Q 0 /J obtained from these methods. We see that they are in excellent agreement with each other, which is not surprising, given the fact that the FM state is semiclassical and the singlet phase is gapped. Thus, the paramagnetic phase displays two, FM and AF instabilities. The region K/J K > 2 and the point K c /J K ≈ 2.16 reside in the singlet phase of rections to the value of K c , found in Ref. 4 . These corrections were argued to be responsible for shifting the QPT towards negative values of Q/J and seem to be intimately related to the use by Kotov et al. of the CDS as a physical vacuum for their analysis. This dimer state is unstable, when compared to the plaquette structure 3 . Let us consider a trial paramagnetic state of the form: 
× 51 + 13 cos 2θ + 2 cos 4θ − 13 √ 3 sin 2θ + 2 √ 3 sin 4θ .
For Q ≫ J, this function is shown in Fig. 3 . The plaquette state corresponds to a local energy minimum. On the contrary, the CDS does not describe any extremal point.
Moreover, it has a higher energy compared to the plaquette configuration. The energy difference between the CDS and a correlated plaquette structure will be even larger if 4 × 4 spin clusters 3 are used as a basis for the HMF analysis.
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